We present atomistic band structure calculations revealing a different mechanism than recently surmised via k Á p calculations about the evolution of the topological state (TS) in HgTe=CdTe. We show that 2D interface (not 1D edge) TSs are possible. We find that the transitions from a topological insulator at critical HgTe thickness of n ¼ 23 ML (62.5 Å ) to a normal insulator at smaller n is due to the crossing between two interface-localized states: one derived from the S-like À 6c and one derived from the P-like À 8v light hole, not because of the crossing of an interface state and an extended quantum well state. These atomistic calculations suggest that a 2D TS can exist in a 2D system, even without truncating its symmetry to 1D, thus explaining the otherwise surprising similarity between the 2D dispersion curves of the TS in HgTe=CdTe with those of the TS in 3D bulk materials such as Bi 2 Se 3 . DOI: 10.1103/PhysRevLett.105.176805 PACS numbers: 73.43.Àf, 72.25.Hg, 73.20.Àr, 85.75.Àd The quantum spin-Hall (QSH) effect occurring in topological insulators consists of the counterpropagation of opposite spins in spatially distinct channels in the absence of a magnetic field [1], thus allowing for dissipationless transport. This is enabled by a special band structure effect, the search of which [1] [2] [3] [4] [5] [6] [7] can be summarized by the following steps: (i) Find a primary compound that has a large spinorbit coupling, leading to spin-orbit induced band inversion (SOBI). In zinc-blende symmetry, e.g., HgTe [2, 3, 8] band inversion occurs when the S orbital À 6c conduction band lies below the P orbital À 8v valence band; since the Fermi energy crosses the twofold degenerate À 8v band, such a bulk system has a zero band gap. [6, 7] . If the primary material has zero gap (e.g., HgTe), then in the second step one needs to (ii) find a way to open a band gap in this framework system, e.g., by using quantum confinement [2,9-11], or strain [6, 7, 12] , while maintaining the inverted order of bands (''topologically nontrivial''). The question that arises here is, what is the nature [light hole (LH); heavy hole (HH); electron (E)] of the extended valence band maximum (VBM) and conduction band minimum (CBM) states of the HgTe=CdTe quantum well (QW) that form the framework band gap? Finally, (iii) within this framework band gap, one or more pairs of linear-dispersed (''massless'') ''topological states'' (TSs) crossing each other (''gapless'') will emerge upon truncating the framework material (form an interface between band-inverted material and normal insulator). It is expected [1, 2, 8] that an N-dimensional TS will exist at the boundary of an (N þ 1)-dimensional framework material. Thus, a band-inverted 3D material (e.g., bulk Bi 2 Se 3 ) will give rise to a 2D TS if the former is layered with a normalband material (including vacuum) [1, 5, 13] . Likewise, it was argued that a 2D band-inverted material (e.g, HgTe=CdTe QW) will give rise to a 1D TS if the former is physically truncated in-plane, reducing its 2D symmetry to 1D [2, 8] .
The quantum spin-Hall (QSH) effect occurring in topological insulators consists of the counterpropagation of opposite spins in spatially distinct channels in the absence of a magnetic field [1] , thus allowing for dissipationless transport. This is enabled by a special band structure effect, the search of which [1] [2] [3] [4] [5] [6] [7] can be summarized by the following steps: (i) Find a primary compound that has a large spinorbit coupling, leading to spin-orbit induced band inversion (SOBI). In zinc-blende symmetry, e.g., HgTe [2, 3, 8] band inversion occurs when the S orbital À 6c conduction band lies below the P orbital À 8v valence band; since the Fermi energy crosses the twofold degenerate À 8v band, such a bulk system has a zero band gap. Other known examples of SOBI are Bi 2 Se 3 [5] , Bi 2 Te 3 [5] , Sb 2 Te 3 [5] , -Sn [3] , and some Heusler compounds such as LuPtSb and YPtSb proposed recently [6, 7] . If the primary material has zero gap (e.g., HgTe), then in the second step one needs to (ii) find a way to open a band gap in this framework system, e.g., by using quantum confinement [2, [9] [10] [11] , or strain [6, 7, 12] , while maintaining the inverted order of bands (''topologically nontrivial''). The question that arises here is, what is the nature [light hole (LH); heavy hole (HH); electron (E)] of the extended valence band maximum (VBM) and conduction band minimum (CBM) states of the HgTe=CdTe quantum well (QW) that form the framework band gap? Finally, (iii) within this framework band gap, one or more pairs of linear-dispersed (''massless'') ''topological states'' (TSs) crossing each other (''gapless'') will emerge upon truncating the framework material (form an interface between band-inverted material and normal insulator). It is expected [1, 2, 8] that an N-dimensional TS will exist at the boundary of an (N þ 1)-dimensional framework material. Thus, a band-inverted 3D material (e.g., bulk Bi 2 Se 3 ) will give rise to a 2D TS if the former is layered with a normalband material (including vacuum) [1, 5, 13] . Likewise, it was argued that a 2D band-inverted material (e.g, HgTe=CdTe QW) will give rise to a 1D TS if the former is physically truncated in-plane, reducing its 2D symmetry to 1D [2, 8] .
In this Letter we demonstrate among others that a 2D TS can exist in a band-inverted 2D HgTe=CdTe QW without truncating its in-plane symmetry. Thus, the 3D Bi 2 Se 3 and 2D HgTe=CdTe have generically similar dispersion curves for the 2D TS.
Since the field-theoretic development of the special properties of the QSH effect is predicated on rather specific band structure properties [items (i)-(iii) above], a proper bandtheoretic description of the latter is needed. Recent theoretical studies of the formation of the band gap in the framework system (ii) and the establishment of the TS within that gap (iii) in the paradigm SOBI material HgTe have used k Á p approaches [1, 2, 8, 14, 15] . In this approach it is necessary to establish at the outset which energy bands in the primary 3D bulk material will couple most prominently in forming the extended 2D VBM and CBM [item (ii) above] and the TS within the framework gap [item (iii) above]. Given the difficulties of a small basis-set k Á p to properly recognize the atomistic symmetry of interfaces (''farsightedness of k Á p'' [16, 17] ), the proper rendering of the electronic structure can be challenging. We use instead an atomistic band theory approach that treats both the primary bulk material and its ensuing 2D superstructures as independent systems in their own right. The identity of the primary states that couple most prominently emerges as ''output,'' not as an input hypothesis. We find a different picture for (ii) and (iii) than in the recent k Á p literature [2, 8, 14, 15] . These differences are important because they suggest a 2D TS can exist in a 2D system, without truncating its symmetry to 1D, thus explaining the otherwise surprising similarity with the dispersion curves of 2D TSs in 3D bulk materials.
The elements of the electronic structure of band-inverted bulk HgTe.-Whereas ordinary binary cubic zinc-blende
week ending 22 OCTOBER 2010 semiconductors such as GaAs or CdTe have a finite band gap separating the S-type À 6c conduction band from the P-type À 8v valence band below it (see central part of Fig. 1 ), the larger spin-orbit splitting ( $ 1 eV) of the heavier HgTe material has long been known [12, 18] to have the À 8v band move up in energy above the À 6c band (by about 300 meV). However, this spin-orbit induced S-P inversion in HgTe does not persist throughout the Brillouin zone, but is restricted to a region around the zone center [6] . This is shown in Fig. 2 which highlights the P-orbital character by green (medium gray) and the S-orbital character by red (dark gray), as obtained by projecting the pseudopotential band structure wave functions on a spherical harmonics basis. We first inquire, what will the levels of a 2D HgTe film of thickness L be if the barrier around it was infinitely high? According to the ''Truncated Crystal Approximation'' [19] the 2D levels of a (001) oriented film are approximately the bulk bands E n ðkÞ evaluated at the discretized wave vectors k ¼ ið=LÞ, with i ¼ 1; 2; . . . . The left-hand side of Fig. 2 shows that a thick film will have a band gap between P-type LH1 and HH1, while still maintaining the band inversion (the S-type E1 below the P-type LH1). The right-hand side of Fig. 2 shows that a sufficiently thin film has a gap between the now S-type LH1 and the P-type HH1, thus losing the band inversion [S-type state (LH1) is above the P-type state (E1)]. Thus, analysis of the orbital makeup of the bands of bulk HgTe away from the zone center suggests that the quantization of bulk LH, HH, and E bands in a 2D system leads to opening of a gap primarily due to the coupling between the LH1 and HH1 subbands and to a transition from band inversion to normal-band order due to the coupling between LH1 and E1. We next examine this qualitative predication quantitatively.
Formation of framework VBM and CBM in the ðHgTeÞ n =ðCdTeÞ 1 QW as a function of HgTe thickness n.-We use the atomistic plane-wave pseudopotential approach [16] to calculate the band structure of (001) oriented ðHgTeÞ n =ðCdTeÞ m superlattices. The crystal potential VðrÞ ¼ P n;v ðr À R n; Þ is a superposition of screened atomic potentialsv of atom type located at atomic site R n; which contains a local part v L and a nonlocal spin-orbit interaction partv NL . The pseudopotentialsv are fitted [20] to experimental transition energies, effective masses, and deformation potentials of the bulk material. The HgTe= CdTe valence band offset is 400 meV [21] in agreement with the experimental measured value of 375 meV [22] . The results for QWs are shown first qualitatively in Fig. 1(b) compared with k Á p [ Fig. 1(a) ]. The actual numerical results from our pseudopotential calculation and the corresponding QW wave functions are shown in Fig. 3 . Regarding item (ii), recent k Á p calculation [ Fig. 1(a) ] predicated [2, 8, 14, 15] that the 3D bulk LH (À 8v ) band generates in the HgTe=CdTe QW a series of extended 2D subbands LH2, LH3, . . . whose energies shift down (up in present atomistic calculation) as the HgTe QW thickness nðHgTeÞ is reduced. Likewise, this literature predicted that the 3D bulk À 6c bulk band forms in the QW a series of extended 2D subbands E2; E3; . . . whose energies shift up (down in present atomistic calculation) as nðHgTeÞ is reduced. The 2D subbands HH1, HH2 . . . derived from 3D bulk HHðÀ 8v Þ band also move down as nðHgTeÞ is reduced. This k Á p calculation [2, 8] predicated that the extended framework band edges of the QW [solid lines in Fig. 1(a) ] are HH1 (CBM) and HH2 (VBM) when n > n c , changing to E2 (CBM) and HH1 (VBM) as nðHgTeÞ is reduced. 
FIG. 2 (color online)
. Band structure of bulk zinc-blende HgTe. Near the À point the S-type À 6c band is below the P-type À 8v band, thus forming topological nontrivial band inversion. Away from the À point the upward parabolic band transitions from P-type near À to S-type, whereas the downward parabolic band transitions from S-type near À to P-type. The 2D levels of HgTe film with thickness L can be guessed from the bulk HgTe bands E n;k at the discretized wave vectors k ¼ ið=LÞ with (i ¼ 1; 2; . . . ). For thin HgTe (right) the band inversion between S-type and P-type is lost whereas for thick HgTe (left) the inversion order is maintained. Hence, the dominant coupling forming a TS in a QW is between the P-type LH1 and the S-type E1.
In contrast, the present atomistic calculation finds that the extended framework band edges of the QW [solid lines in Fig. 1(b) ] are always LH1 (CBM) and HH1 (VBM) moving monotonically up and down, respectively, as nðHgTeÞ is reduced. The band gap is never between HH1 and HH2. Figures 3(b) and 3(c) show the wave function of LH1 and HH1 clarifying that they are extended throughout the HgTe layer. We see [also in Fig. 1(b) ] that as nðHgTeÞ is reduced from its asymptotic limit in infinite thick HgTe: (a) the S-type E1 subband moves down in energy and morphs into a P-type E1 state, staying all the time below the LH1/ HH1 subbands; (b) the band that moves up in energy is the (light mass) P-type LH1 which morphs into a S-type LH1 state; in turn, (c) the band that moves down in energy is the P-type HH1 state. The character (LH or HH) of 2D QW states is revealed by projecting them onto bulk bands by the method described in [17] . The framework band gap of QWs, that is formed between the 2D LH1 and HH1, is simply due to the quantization of bulk LH and HH bands and is very different from that envisioned from the recent k Á p method [2, 8, 14] . In this respect, our results are similar to the earlier results of Lin-Liu and Sham [11] who used the HHðÀ 8v Þ and LHðÀ 8v Þ states of bulk HgTe and CdTe as a basis.
The establishment of topological interface states within the framework band gap.-Regarding item (iii), the k Á p literature predicted a [2, 14] single pair of 2D interface states [dashed lines in Fig. 1(a) ] called E1 and LH1 with energies moving up and down, respectively, as nðHgTeÞ is reduced. Furthermore, physical truncation of the 2D in-plane symmetry to 1D is needed to create TSs. This TS is argued [1, 2, 8] Fig. 1(a) ]. In contrast to k Á p, our atomistic calculation finds [ Fig. 1(b) ], without 1D truncation, two pairs of 2D interface-localized states whose crossing as a function of nðHgTeÞ signals the creation of TSs. Figures 3(b) and 3(c) show the wave function of these states demonstrating their interface localization. One pair (I1 lh þ I2 lh ) is derived from the 3D LH. When nðHgTeÞ > n c it lies in energy above the second pair (I1 e þ I2 e ) which is derived from the 3D À 6c [ Fig. 1(b) ]. The I1 lh þ I2 lh pair appears inside the framework QW band gap, whereas the I1 e þ I2 e pair below gap couple to the extended hole states [ Fig. 3(a) ] when n ) n c . As nðHgTeÞ decreases from infinity I1 e moves up and I2 e moves down. These shifts are more rapid than the corresponding upward movement of I1 lh and downward movement of I2 lh . Eventually, I1 e crosses I1 lh þ I2 lh at a critical thickness n c ¼ 23 ML [see vertical dashed line in Fig. 3(a) ]. The in-plane band dispersion is shown in Fig. 4 (a) for a thin QW (''topologically trivial'' n < n c ) and in Fig. 4 (b) for a thick QW (''topologically nontrivial'' n > n c ). For the thick HgTe case we find two pairs of massless (linearly dispersed) bands crossing at a Dirac point k k ¼ 0 forming two Dirac cones as required by the time reversal symmetry [1] . These linearly dispersed bands (crossing at k k ¼ 0) are interface-localized states. Although the pair lower in energy is HH1 at the Dirac point, they are interface-localized states away from k k ¼ 0 (not shown). They exhibit a tiny gap ( $ 0:5 meV) away from k k ¼ 0 [ Fig. 4(b) ]. A very thick HgTe well must approximate two independent interfaces. Indeed our Fig. 4(b) resembles qualitatively the earlier k Á p result of a single interface [23] . However, the recent k Á p model [2] for two equivalent interfaces (2D QW) does not approach the limit of a single interface as depicted in the earlier k Á p result [23] . For the thin HgTe case (n ¼ 16 ML; 43.5 Å ), as shown in Fig. 4(a) , the Dirac cones disappear and the strong coupling between I1 e and I1 lh interface bands opens a large ''QSH gap'' [13] [instead of a tiny gap ($ 0:5 meV) away from k k in Fig. 4(b) ]. Thus, we conclude that the topological phase transition in the HgTe=CdTe QW [2, 23, 24] (represented by the transition of the superpotential W in the effective supersymmetry Hamiltonian [23, 24] , or of the gap parameter M in the effective Dirac Hamiltonian [2] ) from a topological insulator to a normal insulator is due to the crossing between interface states I1 e ðÀ 6c Þ and I2 lh ðLHÞ and not because of the crossing of the extended QW HH1 and interface state E1 as previously thought [1, 2, 8, 25] . This distinction is important because it changes the design principles (no 1D truncation is needed to create TSs in QWs).
The in-plane dispersion of the interface bands of 2D HgTe=CdTe QWs in both topological trivial [ Fig. 4(a) ; n < n c ] and topological nontrivial [ Fig. 4(b) ; n > n c ] greatly resembles the recent measured dispersion for a very different system: Bi 2 Se 3 thin films (Figs. 2(c) and 2(d) in Ref. [13] ). This resemblance despite the striking differences in the underlying 3D symmetries (T d for bulk HgTe and D 3d for bulk Bi 2 Se 3 ) suggests that there is a universal picture of interface band dispersions for all 3D framework band inversion materials in their 2D secondary systems. The only distinguishing feature is the critical thickness at which the topological transition occurs. This is a material-dependent quantity. The calculated critical thickness of HgTe layer is of n c ¼ 23 ML (62.5 Å ) in agreement with the experimentally measured value of 63 Å [8] . It should be noted that the spin splitting of the interface bands shown in Fig. 4(a) is induced here by the Dresselhaus effect (the lack of bulk inversion symmetry [17] ) rather than by the Rashba effect (the lack of structure inversion symmetry). The latter was recently suggested as an explanation for the observed large spin splitting in ultrathin 2D Bi 2 Se 3 thin film [13] .
Design principles for topological insulators.-(1) The extended VBM and CBM framework states of the HgTe=CdTe QW are LH1 (CBM) and HH1 (VBM), never HH1 (CBM) and HH2 (VBM). These identities should be distinguishable in IR absorption. (2) Two-dimensional topological states can exist in 2D material with band inversion, not requiring 1D truncation. (3) The topological phase transition of the HgTe=CdTe QW is due to the crossing between interface-localized 2D states I1 e ðÀ 6c Þ and I2 lh ðLHÞ and not because of the crossing of the framework QW HH1 and interface state E1 as previously thought [1, 2, 8, 25] . (4) All 2D thin films made of framework 3D materials with band inversion share the same interface band dispersion pictures below and above the topological transition. (5) Robust QSH effect requires an odd number of Dirac cones [1, 3] . Two Dirac cones in a symmetric 2D system can be spatially separated to two opposite interfaces [1] by breaking the structural inversion symmetry.
